Abstract 



We suggest a so-called Dirac type tensor equation with nonabelian 
gauge symmetry on pseudo-Riemannian space. This equation repro- 
duce some of the properties of spinor Dirac equation. A geometrical 
interpretation of results in terms of Riemannian geometry is given. 
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In the previous paper ||, developing results of P. Dirac ||, D. D. Iva- 
nenko, L. D. Landau §, E. Kahler §, F. Giirsey D. Hestenes §, [|, we 
consider the so-called Dirac type tensor equation which reproduce some of 
the properties of the spinor Dirac equation for an electron. Now we generalize 
the Dirac type tensor equation in two ways. 

Firstly we present the Dirac type tensor equation with nonabelian gauge 
symmetry. We use unitary gauge Lie groups that are subgroups of the group 
£7(4), in particular £7(1), £7(1) x SU(2), SU(3) - main groups of the Stan- 
dard Model. Note that in case of the gauge group SU(3) the Dirac type 
tensor equation has 16 complex valued components of wave function. But 
the Dirac equation for chromospinor has only 12 complex valued components. 
Evidently these two systems of equations are not coincide. 

Secondly we generalize all results on pseudo-Riemannian space (in M 
equations are considered in Minkowski space). A method of generalization 
was suggested in ||. A key role in this method play the tensor B^. Now 
we have found explicit formulas for via the components of metric tensor 
g^v and its first derivatives. In the section 7 we give an interpretation of our 
results in terms of Riemannian geometry. 



1 Basic definitions. 

More details about the following definitions can be found in [[|. 

1 . Let M. be a four dimensional differentiable manifolds with a local system 
of coordinates x^. Greek indices run over (1,2,3,4). Summation convention 
over repeating indices is assumed. Suppose that there is a smooth twice 
covariant tensor field (metric tensor) with components g^ u = g^x), x G M. 
such that 

•9 = detail < 0; 

• The signature of the matrix Wg^W is equal to —2. 
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The matrix \\g^\\ composed from contravariant components of the metric 
tensor is the inverse matrix to ||^||. The full set of {-M,g^} is called a 
pseudo-Riemannian space and denoted by V. 

2. Let Afc be the sets of exterior differential forms of rank k = 0,1, 2, 3, 4 on 
V (covariant antisymmetric tensor fields) and 

A = A © . . . © A 4 = A cv © A od , A cv = A © A 2 © A 4 , A od = A 1 © A 3 . 

Elements of A are called (nonhomogeneous) differential forms and elements 
of Afc are called k-forms or differential forms of rank k. Elements of A ev and 
A d are called even and odd forms respectively. The set of smooth scalar 
functions on V (invariants) is identified with the set of 0-forms A . A fc-form 
U G Afc can be written as 

U = -jjU ul ^ Uk dx L ' 1 A ... A dx Uk = u m-nk dxl11 A... Adz"*, (1) 

where the smooth functions u vx _ Vk = u ul __ Mk (x) are real valued components 
of a covariant antisymmetric {u vx „ Mk = Ur^...^]) tensor field. 

Let A^, A c , Ag V , A£ d be corresponding sets of complex valued differential 
forms and K be a field of complex numbers C or real numbers 1Z (A 7 ^ = A). 
Differential forms from A^ can be written as linear combinations of the 16 
basis differential forms 

l,dx^,dx^ A dx 1 * 2 , . . . ,dx° A . . . A dx 3 , n x < fi 2 < . . . (2) 

with coefficients from C°°(V, JC) (smooth functions that map V into K). The 
exterior product of differential forms is defined in the usual way. If U G 
Af,V G Af, then 

UAV = (-l) rs V AU G Af +S . 

3. Consider the Hodge star operator * : A^r — > Af_ k . If U G A^ has the 
form (H), then 

*U = fe! ( 4 \ k)\ ^~® ^i-^-^d^ 1 A ... A dx^, 

where w^ 1 -^ = g^ lUl . . . g^ kUk u Ul ,, Mk , e^...^ is the sign of the permutation 
(/ii . . . /Z4), and £0123 = 1- It is easy to prove that for U G A^r 

*(*[/) = (-l) k+1 U. 
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The form -kU is a covariant antisymmetric tensor with respect to changes 
of coordinates with positive Jacobian. 

4. Let us define the volume form 

£ = y/^gdx° A dx 1 A dx 2 A dx 3 = ^^-e^.^dx" 1 A ... A dx 1 * 4 . 
We have 

W 2 = -l, U£=(-l) h £U, for UeA k 

that means £ commutes with all even forms and anticommutes with all odd 
forms with respect to Clifford product (see below). 

5. Further on we consider the bilinear operator Com : A 2 x A 2 — > A 2 such 
that 

Com^a^dx" 1 A dx»\ h UlU2 dx Ul A dx" 2 ) = ^a^b^-g^dx^ A dx 
-g^ U2 dx^ A dx Ul + g^dx^ A dx Ul + g^ Ul dx^ A dx U2 ), 

where a Mljti2 = a [/11(U2] , 6^ = 6^^]. Evidently, Com(C/, V) = -Com(F, [/). 

6. Now we define the Clifford product of differential forms with the aid of 
the following formulas: 

Ofc fcOO k k 

UV = VU=U A V=V A U, 

1 k lk 1 k 

UV = U AV -*(u a*v), 

£/y = ?7 A V" A V"), 

L/V = U AV +*(U A*V) + ^Com(U,V), 

UV = *U A*V -*(U A*V), 

2 4 2 4 

t/v = *ua*v, 

UV = -*UA*V-*(*U AV), 

3 3 3 3 3 3 

UV = *U A*V+*(U A*V), 

3 4 3 4 

UV = *UA*V, 

4 2 4 2 

UV = *UA*V, 
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4 3 4 3 

UV = -*UA*V, 

4 4 4 4 

UV = -*UA*V, 

where ranks of differential forms are denoted as C/e A^r and k = 0, 1, 2, 3, 4. 
From this definition we may obtain properties of the Clifford product of 
differential forms. 

• UU,Ve A* then UV E A K . 

• The axioms of associativity and distributivity are satisfied for the Clif- 
ford product. 

• dx"dx u = dx» A dx v + g^, dx»dx v + dx u dx» = 2g» u . 

• Com([/, V) = UV- VU for U, V e Af. 

7. Let us define the trace of differential forms as the linear operation Tr : 
A K -> A^ such that 

Tr(l) = f, Tr(rfx Ml A ... A dx^ k ) = for k = 1,2,3,4. 

The reader can easily prove that 

Tr(UV - VU) = 0, TriV^UV) = Tr U, U, V e A K . 

In the second relation V is an invertible exterior form with respect to (w.r.t.) 
Clifford product. 

8. Let us define the involution * : A^ — > A^. By definition, put 

fe(fe-i) - ^ 
U* = (-l)^U, UeA%, 

where U is the differential form with complex conjugated components (if 
JC = 1Z, then U — U). It is readily seen that 

u** = u, (uvy = v*u*, u, v e a k . 

9. Now we can define the spinor group 

Spin(V) = {S G A cv : S*S = 1}. 
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Note that this definition is valid only for space dimensions n < 6 (see ||). 
10. Let 

be components of a tensor field of rank (r, s + fc) antisymmetric with respect 
to the first k covariant indices. One may consider the following objects: 



utt = ^ a ... a dx^ (3) 



which are formally written as fc-forms. Under a change of coordinates (x) — > 
(x) the values (^) transform as components of tensor field of rank (r, s) 

u pi...p a - Qpi ■ --QpsPxi ■ ■ ■V\ r Uv 1 ...v a > Qp - Q~pi Px - q x x- W 

The objects are called tensors of rank (r, s) with values in A£\ We write 
this as 

Elements of A^T^ are ordinary tensor fields of rank (r, s) on V. Let us define 
the Clifford product of the elements Uj£;;;£ G A^T^ and V^ 1 "^ G A^T? as 
the tensor field from A^T^ of the form 

where at right hand side there is the Clifford product of differential forms (the 
indices fit, . . . , fi r , Qi, ■ ■ ■ , a p , u±, . . . , u s , j3\,...,j3 q are fixed). In particular, it 
follows from this definition that if U%;;;£ G A^T^ and Vjg;;£ p G A^JP, then 
the Clifford product of these elements is identified with the tensor product. 

Note that dx 11 = 5^dx v , where 5£ is the Kronecker tensor (5% = for 
\i^v and 8^ — 1). Hence, dx^ G AxT 1 . 

11. Let us define the Upsilon derivatives T M which act on tensors from A^T^ 
by the following rules: 

a) If t£:£ eA*T£, then 

"f J.e]....e r f) -/.Cl-.-Cr 

1 fJ. L u 1 ...u s — u H L v 1 ...v s - 

b) T ^dx v = —T u ^\dx x , where = T M AAt are Christoffel symbols (Levi- 
Civita connectedness components). 
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c) If U%;;£ G A*^, V£;£> G A*T* then 

J-A^i/j...^ ^...^ J - UA^,/!..^ ) V /3i.../3 q + U u 1 ...v s \ l \ V f3 1 ...p q )■ 

d) If C/^X, G A*T;, then 

Ta(^.X + V^X) = T A tf£;;£ + T A F«. 

With the aid of these rules it is easy to calculate how operators T M act 
on arbitrary tensor from A^T^. 

From the formula T fl dx x = —T x fiu dx u we get 

(T M T, - T^r^dx' = -R x mv dxP, (5) 

where 

R K \iiu = d fJ T K v x — d u v K + r^^r^i/A — r^r^A (6) 

is rank (1,3) tensor, known as the curvature tensor (or Riemannian tensor). 

12. Consider the antisymmetric tensor from A 2 T 2 

C^v = —R a /3^i/dx a A dx^ , 
where R a ^„ = g a \R x p^v Let G A 2 T X be such that 

^^B u — T V B^ — [B^ B u ] = -^Cfiu- (7) 

Existence of B^ is considered in the Theorem 2. 

13. Let us define the linear differential operators 

V, = T,-[B„.}. 
Theorem 1. The operators satisfy Leibniz rule 

V^UV) = (V^U)V + UV^V for U G A^T^, V G k K T p 



and 



vp u - V V V^ = 0. 
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Proof is by direct calculation* 

Note that the volume form t is constant w.r.t. these operators T*^. D^i = 
0, fi = 0,1,2,3. 

14. Let differential forms H G Ai and /, K G A 2 be such that 

V^H = 0, VJ = 0, V fl K=0, /i = 0,l,2,3; (8) 
tf 2 = 1, J 2 = 7T 2 = -1, [ H ,I] = [H, K] = 0, {I,K} = 0, 

where {/, K} = IK + KI. 

We say that dx^ are primary generators of A and H,£,I,K are secondary 
generators of A. 

The following differential forms from A are linear independent at every 
point x G V: 

H, I, if, if J, i/if, IK, HIK, £, £H, £1, £K, £HI, £HK, UK, IHIK, 1. (9) 

These forms can be considered as basis forms of A. 

In Minkowski space the concept of secondary generators of Clifford alge- 
bra C£(l, 3) was presented in ||. 

Theorem 2. On the pseudo-Riemannian space V under consideration there 
exists the solution H G A 1; I,K G A 2 , £> M G A 2 Tx of the system of equation 

V^B U - V V B, L + [Bp, B v \ = ho^ u , (10) 

V IM H = 0, VU = V^K = 0, (11) 
H 2 = 1, I 2 = K 2 = -1, [H, 1} = [H, K] = 0, {/, £} = 0. (12) 

Proof. Consider local coordinates x M such that 
g 11 > 0, det 

Let us take 

H = dx 1 /^, 



9 U 9 U 
9 12 9 22 



< 0, det 



11 


9 12 


9 13 


12 


g 22 




13 


9 23 


9 33 



> 0. 



(13) 
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-(-dx 2 A dx 3 g 11 - dx 1 A dx 3 g 12 + dx 1 A dx 2 g 13 ) 

~ v / -((^ 13 ) 2 9 22 ) + 2 2 12 S 13 9 23 ~ 9 11 (9 23 ) 2 - (9 12 ) 2 9 33 + 9 U 9 22 9 33 

(14) 

K = -((dx 3 A dx 4 (g 12 ) 2 - dx 2 A dx* g 12 g 13 + dx 2 A dx 3 g 12 g u - dx 3 A 
cfe 4 g 11 g 22 + dx 1 A dx 4 g 13 g 22 - dx 1 A dx 3 g u g 22 + dx 2 A dx 4 g 11 g 23 - dx 1 A 
dx 4 g 12 g 23 + dx 1 A dx 2 g 14 g 23 - dx 2 A dx 3 g 11 g 2A + dx 1 A dx 3 g 12 g 2i - dx 1 A 

dx 2 g 13 g 24 )(V=g ))/^(g 12 ) 2 - g 11 g 22 

which satisfy the equalities (0). Then we may consider the equalities (|Tl"l) 
as the linear system of equations for the components b a p^ = b^m^ of = 
^b a/ 3^dx a Adx 13 . The number of linear independent equations in this system of 
equations is equal to 24 and equal to the number of components 6 a( g M , a < (3. 
A unique solution of this system of equations is written in Addendum. It can 
be checked that this solution also satisfies (|10|). This completes the proof. 

Let us emphasize that H = h^dx^ has the form H = dx 1 / y/g 11 only in 
the fixed coordinates x M . We suppose that under a change of coordinates the 
set of values transforms as covector, i.e., H G Ai. This remark is also true 



w.r.t. values J, K G A2, B^ G A2T1 from (Fj) and from Addendum. 

Note that if {H, I, K, B^} is a solution of the equations ([10| - [12|) and S G 
Spin(V), then {S*HS, S*IS, S*KS, S*B^S - S*T^S} is also the solution of 
(see Theorem 6). 

15. Let us define the operation of Hermitian conjugation of differential 
forms 

IP = HU*H, U G K K . 

Evidently, 

c/tt = u, (uvy = v ] u ] 

and cr = a for a G Aq, where a is the complex conjugated scalar function. 

It is shown in ?? that in Minkowski space the operation of Hermitian 
conjugation of exterior forms closely connected to the operation of Hermitian 
conjugation of matrices. 

16. Now we may define the operation ( • , ■ ) : x — > A^ by the 
formula 

(U,V)=Tr(UV*), U,VeA K . 
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This operation has all the properties of Hermitian scalar product at every 
point x G V 

(aU,V) =a(U, V), (U,aV) = a(U,V), (U, V) — JVJjj, 
(U + W,V) = (U, V) + (W, V), (U, U) > for U ^ 0, 

where U,V,W G A K , a G Aq and the bar means complex conjugation. 

17. Let us summarize properties of the operators 

• V^V U - V V V„ = 0; 

• V li (UV) = (V li U)V + UV li V; 

• V lt {U + V)=V ll U + V lt V; 

• V/ = 0; 

• V„H = 0, V^I = 0, V^K = 0; 

. v^u*) = (v.uy-, 

• V^U) =*(V li U); 

• V ll (TrU)=Tr(V ll U); 

• V„(U,V) = (V„U,V) + (U,V,V). 

18. In what follows we use the four spaces of differential forms 
A c , A, Ag V , A ev . Each of these spaces can be considered at every point x G V 
as a bialgebra with two products, namely the exterior product and Clifford 
product. We use notation Vt for any of these spaces. The operation ( • , • ) 
converts a space Q into the unitary space at every point x G V. 

19. We say that the differential form U G is Hermitian if W — U 
and anti- Hermitian if W = —U. Every differential form U G can be 
decomposed into Hermitian and anti- Hermitian parts 

u = \{u + rt) + \{u-rt). 
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Let us denote 

= {U E n : U ] = -U}. 

This set of differential forms is closed w.r.t. commutator [ 
considered as a real Lie algebra. 

20. Let us introduce two differential forms N,E 

N = i for n = A c ,A c cv ; 

N = £ for tt = A; 

N = I for Q = A cv ; 

E = 1 for fi = A c ,A; 

£ = if for Q = A c ev ,A ev 

with the following properties: 

iyV = 0, V^E = 0, ^ = 0,1,2,3; 

= -1, £ 2 = 1, [A", £] = 0; (16) 
JV f = -AT, E f = £. 

21. Let us define the set of differential forms 

f m(KC = {[/efi_ : [U,N] = [U,E] = 0}. 

This set of differential forms is closed w.r.t. the commutator [• , •] and can 
be considered as Lie algebra. 

Let ti, . . . t p be generators of L max such that 

zy* = °> 4 = -**> (tk,u) = Ski, (17) 
[t fc ,iv] = [t fc ,E] = o, [t fc ,*i] = E4,t, fc,z = i,...p, 

3=1 

where are real structure constants of the Lie algebra L max . Hence 

v 

Lmax — L(ti, . . .tp) — /fcifc}, 

fc=l 

where = fk(x), x G V are smooth real valued functions from C°°(V, TV). 



■ , • ] and can be 



(15) 
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22. Let Lo be a subalgebra of the Lie algebra L max such that the first d 
(d < p) generators t\, . . . , ta of L max are the generators of L 

n 

L = L(ti, . . . , t d ) = fktk} 



k=i 



and 



d 

[tk,tl] =J2 C lltq, k,l = l,...,d, 
q=l 
V 

[tk,t r }= J2 c SU<z> k = l,...,d; r = d+l,...,p. 

q=d+l 

23. Let us define the set of differential forms 

G = expL = {exp-u : u G L }, 

where 

OO J 

exp U = 1 + -r-rU k . 

Go is a unitary (f/ -1 = W) Lie group w.r.t. Clifford product and L is the 
real Lie algebra of the Lie group Go- 

24. Let us take 

a 11 = Edx» e AcvT 1 

such that (a^Y = a^. 

2 Lie algebras of ant i- Hermit ian differential 
forms. 

Let Q = A c . Consider the following 16 differential forms from 

iH, I, K, HI, HK, IK, HIK, i, UH, ill, UK, IHI, IHK, HIK, IHIK, i (18) 
and denote them by Ti, . . . , Ti 6 . It is not hard to check that 

V II T k = 0, Tl = -T k , (T k ,T l ) = 5 kl , [T k ,T l ] = c q kl T q , (19) 
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where c q kl are real structure constants. 

Every element U G f2_ can be written in the form 

16 

U = J2(U,T k )T k . 

k=l 

Hence these differential forms T k are generators of the real Lie algebra f2_ 

16 

Q_ = L(T 1 ,...T w ) = {J2fkT k }, 

k=l 

where f k = f k (x), x G V are real valued functions from C°°(V, TZ); It can 
be shown [[IJ that the Lie algebra (considered at every point x G V) is 
isomorphic to the Lie algebra u(4) ~ u(l) © su(A) of anti-Hermitian 4x4- 
matrices. So 

fi_ = L(T 16 )©L(T 1 ,...,T 15 ), 

where L(Ti 6 ) is isomorphic to w(l) and L(Ti, . . . , Ti 5 ) is isomorphic to sm(4) 
(at every point x G V). 

For £7 = A c we have N = i, E = 1. Consequently, L max = Continu- 
ing this line of reasoning, we find real Lie algebras f2_ and L max for the cases 
n = A,A^ v ,A ev . 

Let us summarize our consideration of real Lie algebras of differential 
forms. 

• If Q = A c , then N = i, E = 1 and 

ft- = L max = L(i) © L(iH, I, K,HI,... } IHIK) ~ © su(4). 

• If O = A, then JV = £, £ = 1 and 

= L(J, K, HI, HK, IK, HIK, £, £HI, £HK, £HIK) ~ sp(2), 
£ ma * = ffi L(I, K, IK) ~ w(l) ffi su(2), 

where sp(2) is the Lie algebra of the simplectic unitary Lie group. 

• If = A^ v , then N = i, E = H and 

0_ = L(i)ffi L(£) ®L(I,K,IK,i£I,i£K,i£IK) 
~ w(l) © w(l) © sw(2) © su(2), 
L maa; = L(i)®L(I,K,IK) ~u(l)e su(2), 
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• If ft = A ev , then N = I, E = H and 

= L{I) ®L(£) ~u(l)©u(l), 
i mra = £(-0 ^ w(l), 

Let us consider differential forms t±, . . . ,tie such that tk = Y^l=i r kT P , 
where real constants r\ are elements of an orthogonal 16 x 16-matrix. Evi- 
dently 

Dfitk = 0, t\ = —t k , (tk,ti) = 5ki 

and the set of differential forms {ti, . . . , t^} is another set of generators of the 
real Lie algebra ~ w(4) in case Q = A c . We claim that this construction 
allow us to describe a Lie subalgebra of f2_ that is isomorphic to the Lie 
algebra su(3). Indeed, let us take the following generators of ft_: 

(HIK + IK) /y/2, 
{HK + K)/V2, 
(-HI -I) /y/2, 
(£-£Ii)/ y/2, 
(£HI + £Hi)/ y/2, 
(-£HK +£IKi)/ y/2, 
(-£HIK -£Ki) /y/2, 

(-HI - 2Hi + T)/V6, (20) 
(£HK + eiKi) /y/2, 
(-£HIK + £Ki)/ y/2, 
{£ + £Ii)/V2, 
(-£HI + £Hi)/ y/2, 
(-HIK + IK) /y/2, 
(-HK + K)l y/2, 
(HI - Hi - I)/V3, 
h 

which are expressed via generators T±, . . . , Ti 6 from (p~8|) with the aid of the 
orthogonal matrix. It can be easily checked that differential forms t\, . . . ,t$ 



h 
h 
k 
U 
h 

h 
t% 
h 

hi 

tl2 
*13 
tl4 

tie 
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are the generators of the real Lie algebra Lq = L(t\, . . . ,t$) isomorphic to 
the Lie algebra su(3) and 

8 

[*k»*j] = H C ll t qi M = l,..-,8, 
15 

[tk, t r \ = c t r tq, fc = 1, • • • , 8; r = 9, . . . , 16. 

q=9 

3 Main equations. 

Now we may write down the main system of equations 



V„B V - V V B^ + [B^ B v \ = -C^, (21) 

V li N = 0, V fl E = 0, ^ = 0,1,2,3; (22) 
AT 2 = -1, E 2 = 1, [iV, =0; iV f = -N, E ] = E. (23) 

dx"(V^ + + 5 M ^)iV - m^E = 0, (24) 

V^A V - V V A^ - {Ap, A v \ = F^, (25) 

- K> ^1 = A (26) 

.F = - Y.{E{E, {N, tfV*}}, t k )t k , (27) 
4 k=i 



where * G ft, A^ G L Ti, G L T 2 , = g» a g^F a p G L T 2 , 
G A 2 T 1; m is a real constant. The values J u = J u (^> ', E, N) G LqT 1 also 
can be defined with the aid of the following equalities: 

Jfa = toeQT 1 : (^)t = Jfa. 

J(2) = li^J^je^T 1 : [Jfa,N] = 0, (28) 

16 



J (3) = 2 E i E i J (2)} e L max T l : [Jfo, N] = [Jfa,E] = 0, 

d 
fc=l 

where ti, . . .t d are the generators ( |17D of the real Lie algebra L (see subsec- 
tion 22 of section 1). 

We say that the equation ( 24]) is a Dirac type tensor equation and the 



equations (|25|J26| ) are Yang-Mills equations. 

The full set of {A^, F^} is called the Yang-Mills Geld] is potential 
and is strength of the Yang-Mills field. 

In the Standard Model of elementary particles three real Lie algebras 
are of special interest. Namely the Lie algebra su(3) is used in Quantum 
Chromodynamics, u(l) © su(2) is used in Electroweak Theory, and u(l) is 
used in Quantum Electrodynamics. Taking these Lie algebras into account, 
we consider five special cases of equations ( |21| - |27| ). 



(i) fl = A c , iV = i, E = 1, 

L = L max ~ © sw(4), J" = z^a"*; 

(ii) ft = A c , JV = i, E = 1, 



L = Lfa, . . . , t 8 ) ~ su(3), J" = £(zW*, t k )t k , 

k=i 



where ti, . . . ,t 8 from (^C 
(iii) Q = A c ev , N = i, E = H, 



L = L max ~ u{l) © su(2), J v = \H{H, itfVtf }; 
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(iv) Q = A,N = lE = l, 



L = L max ~ u (l) © sit(2), ^ = *t a "*} ; 
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(v) Q = A cv , N = 1, E = H, 

L = L max = L(I) ~ u(l), J v = l -H{H, {I, ttV* }}. 

The full set of {^/, E, N} is called the wave field of the equations 
In the system of equations (f21|-|2~7|) we consider the wave field E, N}, 



the Yang-Mills field {^4^, F^}, and the field as unknown values. 



4 Nonabelian charge conservation laws. 

Theorem 3. If the values * G Q, G L T l7 G A 2 T 1; N <E Q, E e Q 
satisfy Dirac type tensor equation fl2lp and the values J 7 ' G LqT 1 are defined 
in or, equivalently, in fl2g[), then J' 1 satisfy the equality 

1 =X> M (V=^J^-[A M ,J'*]=0. (29) 



The equality ( P5| ) is called the nonabelian charge conservation law for the 
Dirac type tensor equation. 



Proof. Let us multiply the equation ( P4|) from the left by if and from the 
right by — N. We denote the left hand side of resulting equation by 

Q = a»(V^ + ^Afj, + B^) + mH^EN. (30) 

Then 

Qt = (V^ _ + ^-Bj)^ - mNE^H. 
Consider the expression 

= Vtf ) + ^(-Z^a" + + Sja^)* - [A„, Vtf] + m[&HV, EN] 

= P M (tfta"tf ) + r^tfV* - [Ap, ^a^) + m[&HV, EN] 

1 PviV^fiJfa) - [A„ Jfa] + m[&H% EN]. 



-9 
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Here we use the formulas 



H 1 ^fi^ i 



sec 



If we take 



Y(2) 
Y(s) 



\e{e,y (2) i 



then we get 



1 



F {3) = -^=2^=^)) - 4)1 + -gmEiE, {N, [tfm, EN]}} 



'-9 



Using the equalities N 2 — —1, E 2 — 1, [N, E] = 0, it is easy to check that 

E{E, {N, EN}}} = 0. 

Hence, 



Finally, we take 



Y = J2(Y(3),t k )t k , 

k=l 



where the generators ti, . . . , of the Lie algebra L Q are defined in the sub- 
section 22 of section 1. In this case we obtain 

1 



By assumption, \1>, N, E, A^, satisfy (^4j). Consequently, Q = F(i) = 
Y(2) = 5^(3) = Y = and J^ 1 satisfy equality (|29|) . This completes the proof. 



19 



Theorem 4. Let us denote the left hand side of the equation (|2f|) by R v 

1 



-9 



where Fn U satisfy (|2^). Then 



1 



-g 



The proof is by direct calculation. 



.V li {^R»)-[A„I&\=Q. 



This theorem means that the equation ( p6|) is consistent with the non- 
abelian charge conservation law (p9|) . 



5 Unitary and Spin gauge symmetries. 

Theorem 5. Suppose that the following conditions hold: 
1. The values 

* G ft, A M G LoTi, G L T 2 , r G LoT 1 , 
£ G ft, iV G ft, B„ G A 2 Ti, G A 2 T 2 



and operators = T M — •] satisfy equations $2l\ - ffi\ ). 



(31) 



2. U = U (x) is a smooth map V — > Go, where the Lie group Go is defined 
in subsection 23 of section 1. 

Then the values with acute 

4, = w, A,* = u^ApU - u-^u, F[j,v = u- 1 f^u, r = u^ru, 



{E,N,B fl ,C flu } = {E,N,B fl ,C flu } 



(32) 



and the operators = satisfy the same equations ( |2l| - |27y . 



The proof is straightforward. 
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Theorem 6. If the values (pljj and operators satisfy the equations (|2l 



27p and S = S(x) is a smooth map V — > Spin(V), then the values with 



check 



£ = 5-^5, N = S-'NS, B, L = S- l B, L S - S^T^S, = C Mi/ (33) 



and the operators = T M — [B^, ■ ] satisfy the same equations ( |21| - |27[ ). 



The proof is by direct calculation. Note that for values with check the 
operation of Hermitian conjugation is defined by 



U ] = HU*H, 



where H = S 1 HS. 



Invariance of the equation (21) is proved in 



6 Lagrangians. 

Denote 

P = dx"(V^ + ^ + B^)N - m^E. (34) 

We have 

* = V + ^tfe" + ^ M iM2^ W A ^ + • • • + ^ M i...M4^ M1 A ... A C^ 4 , 

where p Ail ... Atfe , Q^...^ are real valued components of a covariant antisymmet- 
ric tensor fields of rank k and 



g M1 ... Mfe = (fc = 0,...4) for fi = A,A c 
VVoVWaw = for ^ = Af v ,A ev . 

Consider the Lagrangian (Lagrangian density) 



£ = ^pTr(P(^*P + P*#)). 
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A Dirac type tensor equation can be derived from Cq with the aid of the 
following formulas: 

= (J^- - d u J Co ) + - d v J Co ), 



- u 

1 1 

1 



U = T7 u ui...u k dx Ul A ... A dx Uk , 

k=0 



-.UH, 



where p^...^ k ,u = d v p^..^ k , q^...^ = d v q^..^ k . Now we may check that 
P = P. 

Let us consider the Lagrangian for Yang-Mills equations. Denote 
F[iu = T > fl A u — T) u A fM — [A/4, A u ], 

y v = -^=v^V^gF^)-[A^F^]-r, 



where J v are from fl2~T|) and A^ = a^t^, (t^ = t k are defined in the subsection 
22 of section 1). 

The Yang-Mills Lagrangian has the form 



C x = ^Tr(F^F^) 

and the complete Lagrangian for the Dirac type tensor equation together 
with Yang-Mills equations 

£ = C\ + 2n£ - 
Here n = 4 is the dimension of space-time. Denote 

DC dC 
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Now we may check that 

Y v = Y v 

Hence the Dirac type tensor equation and the Yang-Mills equations can be 
derived from the Lagrangian C. 



We hope that equations ( pT| - p7| ) can be used to describe fermions in space- 
time with presence of gravitation. From this point of view it is reasonable to 
add the Einstein-Hilbert Lagrangian y/—g R to £ and variate the resulting 
Lagrangian w.r.t. components of metric tensor g^ u . 



7 A geometrical interpretation of results. 

We consider a pseudo-Riemannian space V with the Levi-Civita connection 
T x ^ u , with the covariant derivatives V M , with the Upsilon derivatives T M , 
and with the curvature tensor R a p^v defined in section 1. Suppose that a 
new structure on V is given. Namely the affine connection T A Atl/ . We get 
definitions of the covariant derivatives V M , the Upsilon derivatives T M , and 
the curvature tensor Rap^, replacing r A AtJ/ by T x ^ u in the corresponding 
definitions in section 1. We suppose that the affine connection T x fll/ is metric 
compatible 

v K ^, = o, v K <r = o. 

It is convenient to introduce the tensor 

k x = f A — r A 

which we, following |]IU|| , will call contorsion. It is easy to see that the affine 
connection is metric compatible iff K u ^\ = —K^. Torsion is expressed via 
contorsion as 

T x = K x - K x 

Conversely, the contorsion of a metric compatible connection is expressed via 
torsion as 



see pi, formula (7.35)). 
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So we arrive at the affine space {M., g^, K\ u }. Let us define the tensors 

= ^b a ^dx a A dx p e A 2 Tx, 
= ^R a ^„dx a A dx 13 e A 2 T 2 . 
Theorem 7. If U G A, then 

r li u = r li u-[B li ,u]. 

Proof follows from the formula 

K\ x dx x = [B„,dx% 
which can be easily checked. 

Theorem 8. (F.E.Burstall, A.D.King, N.G.Marchuk, D.G.Vassiliev) The 
following equality holds 

T^B U — T U B^ — [Bft, B u ] = -Cfiu 

iff 

Proof. Suppose that the tensors qap^v and Rap^u are such that 

I i 

-q a( 3^dx a A dx? = T^B U - - [B^, B v \ - -C^ 

and 

RaXfiu = 9Ka(d^T K u x — d v T K ^x + r K m r V vX — T^r^A)- (35) 

Then 

This completes the proof. 
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8 Space dimensions n = 2, 3. 

Let be a three dimensional differentiable manifolds with local coordinates 
x 1 ,^ 2 ,^ 3 and with the smooth metric tensor g^ u = g u ^, (/z, v = 1,2,3) that 
satisfy (|13"D. Denote by V3 the pseudo-Riemannian space {M.s,g} with the 
Levi-Civita connection T x fiu , with the covariant derivatives V M , with the 
Upsilon derivatives T^, and with the curvature tensor R a p^ v . 

Theorem 10. On the pseudo-Riemannian space V3 there exists the solution 
H G Ai 3 I G A 2 , B^ G A 2 T X of the system of equations that consists of (Q) 
and 



V^H = 0, V„I = 0, (36) 
H 2 = l, J 2 = -l, [H,I\=0, (37) 



wiere = T M — [£? 



Proof. Evidently if, / from (|14|) satisfy (37). It can be checked that the 
following components b a p^ = of = ^ap^dx 01 A dx 13 satisfy ([21]) and 
361): 



6121 = (#1033 013 022 g23~dig 3 3 012 023 ~ 2 ^1023 013 022 033 +2 <9i0 23 012 023 033 + 
<h 022 013 023 033 ~ <9 2 0n 0§ 3 33 - <9i0 22 i2 2 3 + <9 2 0H 22 0| 3 )/(4 33 (-0^ + 
022 033)) 

6122 = (^2033 013 022 023-^2033 012 0l 3 ^ 2 ^2023 013 022 033 +2 <9 2 23 0i 2 23 033 + 
#2022 013 023 033 + ^1022 0I3 033 ~ 2 <9 2 i2 0^ 3 33 - <9 2 22 i2 0§ 3 - <9i0 22 22 0^ + 
2 <9 2 0i 2 22 0J3)/ (4 #33 (-£/| 3 + # 22 033)) 

6123 = (#3033 013 022 023-<9 3 033 012 023 _ 2 <9 3 023 013 022 033 +2 <9 3 23 012 023 033 + 
#3022 013 023 033 + <9i0 23 023 #33 ~ <9 2 0i 3 gf| 3 33 - <9 3 0i 2 0| 3 033 ~ <9 3 22 012 0f 3 ~ 
#1023 022 0f 3 + <92013 022 0l 3 + <9 3 012 022 £33)/ (4 033 (-£23 + 022 033)) 

6131 = (-(^1033 013) + ^3011033)/(4033) 

6132 = (-(^2033 013) - <9l023 33 + <9 2 0i 3 033 + <9 3 0i 2 033)/ (4 033) 

6133 = (-(^3033 013) - ^1033 033 + 2 <9 3 0i 3 33 )/(4 33 ) 

&231 = -(^1033 023 - <9l023 033 + ^2013 033 ~ ^3012 033)/ (4 033) 

b 2 32 = -(^2033 023 ~ <9 3 22 33 )/(4 #33) 

b 2 33 = -(^3033 023 + #2033 33 - 2 &>0 23 033)/ (4 033) 

Note that {S*HS, S*IS, S*B^S - S*?^} also satisfy (g§§7|), where S G 
Spin(V 3 ). 
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Let A4 2 be a two dimensional differential) le manifolds with local coordi- 
nates x 1 , x 2 and with the smooth metric tensor g^ v = g u ^, (/i, u = 1,2) such 
that gu > 0, g\\g 22 — (gu) 2 < 0. Denote by V 2 the pseudo-Riemannian space 
{M 2 , #} with T x ^ u , V M , T^, £> M , R af3flv , defined in section 1. 

Theorem 11. On the pseudo-Riemannian space V 2 there exists the solution 



H G Ai, B^ G A 2 T X of the system of equations that consists of ( pip and 

V^H = 0, H 2 = 1. (38) 

Proof. We may take 



6121 = -(<9i#22#i2 ~ d 2 gug 22 )/(4,g 22 ) 

h22 = -(d 2 g 22 g 12 + d 1 g 22 g 22 ~2d 2 g 12 g 22 )/(Ag 22 )) 

and check that H = dx 1 j\fg^ and = ^b a/3fl dx a A dx 13 satisfy and 



9 Addendum. 

Here are formulas for the components b a p^ of B^. These B^ together with 
the H, I, K from (|TJj) satisfy equations (TO-jTj) 

6l21 = (<9l#44 #14 #23 #24 #33 #34 ~ <9l#44 #13 #f 4 #33 #34 ~ 2 <9l#44 g u g% 3 g 2A g\\ + 

2 d A g AA g 13 g 23 g\ A g^+dtgu gu g22 g23 gl A -dxg AA g 13 g 22 g 2A gl A +d A g AA g 1A gf 3 g 2A g 33 g AA - 
<9i#44 #13 #23 #lt #33 #44 ~ ^dxg 3A g 1A g 23 gl A g 33 g AA + 2dig 3A g l3 gl A g 33 g AA ~ 
d A g AA g 1A g 22 g 2A g% 3 g AA +d A g AA g X2 g 2A gl 3 g AA +2 d x g 3A g 1A gf 3 g 2A g 3A g AA -2 d A g 3A g 13 g 23 g\ A g 3A g AA + 
dig 33 gi A g 23 g 2A g 3A g AA - <9i#33 #13 #f 4 #34 #44 + 2d x g AA g X3 g 22 g 2A g 33 g 3A g AA + 

2 <9i£f 3 4 5f M 5-22 #24 #33 #34 #44~2 d X g AA g 12 #23 #24 #33 #34 #44~2 <9l# 3 4 g X2 #f 4 #33 #34 #44 ~ 

^i#44 #13 #22 #23 #f 4 #44-2 d x g 3A g 1A g 22 g 23 g\ A g AA +d A g AA g 12 g\ z g\ A g AA +2 d A g 2A g 1A g\ z g\ A g AA - 
dig 33 #14 #22 #24 #f 4 #44 + 2 d A g 3A g 12 g 23 g 2A g\ A g AA - 2 d x g 2A g 13 g 23 g 2A g\ A g AA - 
2 <9i#23 #14 #23 #24 #i 4 #44+<9i# 3 3 #12 #f 4 #f 4 #44+2 d A g 23 g 13 g\ A g\ A 5-44-2 d x g 2A gu #22 #33 #I 4 #44+ 
2 d A g 2A g 12 g 2A g 33 g\ A g AA +d A g 22 g u g 2A g 33 g\ A g AA -d 2 g u g\ A g 33 g\ A g AA +2 d A g 2A g 13 g 22 #f 4 544+ 

2 <9l#23 #14 #22 #| 4 #44-2 (9x5(24 #12 #23 #34 #44-^l# 2 2 #14 #23 #f 4 #44~2 <9l#23 g 12 #24 #| 4 #44 ~ 
^1#22 #13 #24 #| 4 #44 + 2 <9 2 #11 # 23 #24 #| 4 #44 + <9l#22 #12 #34 #44 ~ #2011 #22 #34 #44 ~ 
<9l#33 #14 g 23 #24 #44+^l#33 #13 #23 #24 #44~ 2 9 A g 2A #14 #f 3 #33 #44~ 2 <9l# 3 4 #13 #22 #24 #33 #f 4 + 
2 #1#34 #12 #23 #24 #33 #44 + 2 ^1#24 #13 #23 #24 #33 #44 + 2 <9l#23 #14 #23 #24 #33 #44 ~ 
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2 dife 013 024 033 044 + 2 9l924 014 922 £33 0l 4 ~ 2 9l024 9l2 924 £33 ^1^22 014 024 ^3 044 + 

92011 024 033 044+ 2 9l034 013 022 023 034 044+9l033 014 022 023 034 044 ~2 9l£f 3 4 012 023 034 044+ 

<9l033 013 022 024 034 044 ~ 2 "91033 012 023 024 034 044 ~ 2 91024 013 022 033 034 044 ~ 

2 9^23 014 022 033 034 9u + 2 ^1024 012 023 033 034 £44 + ^1^22 014 023 033 034 9u + 

2 9^23 012 024 033 034 9u + ^1022 013 024 033 034 9u ~ 2 92011 023 024 033 034 044 ~ 

2 dl£23 013 022 0^4 044 + 2 ^1023 012 023 034 044+9l022 013 023 034 044-9 2 011 023 0^ 4 044~ 

2 9^22 012 033 034 044 + 2 92011 022 033 034 044 _ #1033 013 022 023 044+9l033 012 023 044 + 

2 dife 013 022 033 0f 4 ~ 2 9l#23 012 023 033 0l 4 -9l022 013 023 033 044+92011 023 033 0I4 + 

9l#22 012 0f 3 044-925-H g 2 2 £33 0I4)/ (4 044 (-034 + 033 044) (0I4 033 - 2 023 024 034 + 

022 0l 4 + 023 044 - 022 033 044)) 

6122 = (92^44 014 023 024 033 034 ~ 9 2 544 013 0^4 033 034 ~ 2 9 2 #44 014 023 024 £34 + 

2 9 2 #44 013 023 024 0l 4 +92044 014 022 023 0| 4 -9 2 044 013 022 024 0f 4 +9 2 044 014 023 024 033 044 ~ 
9 2 044 013 023 024 033 044 ~ 2 <9 2 y 3 4 014 023 9 2 4 033 044 + 2 daS^ 013 0^4 033 044 ~ 

92044 014 022 024 033 044+92044 012 024 033 044+2 d 2 934 014 023 024 034 044" 2 9 2 934 013 023 024 034 044+ 

9 2 033 014 023 024 034 044 ~ 9 2 # 3 3 013 0^4 034 044 + 2 9 2 fi44 013 022 024 033 034 044 + 

2 9 2 # 3 4 014 022 024 033 034 044 ~2 9 2 £j> 4 4 012 023 024 033 034 044 ~2 9 2 g34 012 ^4 033 034 044 ~ 

92044 013 022 023 034 044~ 2 9 2 g34 014 022 023 034 044 +92^44 012 023 034 044+2 9 2 #24 014 023 034 044 ~ 

92033 014 022 024 034 044 + 2 9 2 g34 012 023 024 034 044 — 2 9 2 <7 2 4 013 023 024 034 044 — 

2 9 2 #23 014 023 024 934 944+92933 012 924 034 044+2 <9 2 #23 013 924 034 044 ~ 2 9 2 #24 014 022 033 034 044 + 

2 9 2 #24 012 024 033 034 044 +9 2 #22 014 024 033 0f 4 044+9^22 9%4 033 034 044~2 9 2 #12 0^ 4 033 034 044+ 

2 9 2 #24 013 022 0I4 044+2 d 2 #23 014 022 0^4 044~2 9 2 #24 012 023 034 944~9 2 922 014 023 034 044 ~ 

2 9 2 #23 012 024 0f 4 044-925-22 013 024 0f 4 044~2 d X g 2 2 023 024 9%4 044+4 d 2 9\2 023 024 9u 044 + 

9 2 022 012 0I4 044 + 9i522 022 0^4 044 ~ 2 d 2 9l2 022 0^4 044 ~ 9 2 933 014 0^3 024 044 + 

9 2 033 013 023 024 044~ 2 9 2 024 014 023 033 044~ 2 9 2 034 013 022 024 033 044+ 2 9 2 034 012 023 024 033 044+ 

2 9 2 ^24 013 023 024 033 0I4 + 2 5 2023 014 023 024 033 044 ~ 2 9 2 023 013 024 033 0I4 + 

2 9 2 #24 014 022 0^3 044- 2 92024 012 024 033 0l 4 ~92022 014 024 033 0l 4 "9l022 0^4 033 044 + 

2 9 2 5l2 0I4 033 044+ 2 92034 013 022 023 034 044+#2033 014 022 023 034 044~ 2 5 2034 012 023 034 044+ 

92033 013 022 024 034 044 ~ 2 9 2 033 012 023 024 034 044 ~ 2 9 2 024 013 022 033 034 044 ~ 

2 9 2 023 014 022 033 034 044 + 2 9 2 024 012 023 033 034 044 + 9 2 022 014 023 033 034 044 + 

2 9 2 023 012 024 033 034 9u + 9 2 022 013 024 033 034 044 + 2 9l 022 023 024 033 034 044 ~ 

4 9 2 5l2 023 024 033 034 0l 4 ~ 2 5 2023 013 022 034 044 + 2 5 2023 012 023 034 044+92022 013 023 034 044 + 

9l 022 0I3 034 044~ 2 9 2 012 023 034 044~ 2 9 2 022 012 033 9u 044~ 2 9l 022 022 033 034 044+ 

4 9 2 5l2 022 033 9u 0l 4 -92033 013 022 023 044+92033 012 023 044+ 2 5 2023 013 022 033 044 ~ 

2 9 2 023 012 023 033 0l 4 -9 2 022 013 023 033 0l 4 ~9l 022 023 033 044 + 2 9 2 012 023 033 0I4 + 

9 2 022 012 9h 044+9l522 022 £33 044 ~ 2 9 2 012 022 0f 3 044)/ (4 044 (-0f 4 +033 044) (0I4 033~ 

2 023 024 034 + 022 034 + 023 044 ~ 022 033 044)) 

6123 = (9 3 044 014 023 024 033 034 - 9 3 g 4 4 013 0^4 033 034 - 2 9 3 5f 44 ^14 0I3 024 £34 + 
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2 03044 013 #23 024 9u+9 3 g 4 4 9l4 922 923 0| 4 - 03044 013 022 024 0f 4 +03044 014 923 024 033 044 ~ 
•93044 013 023 024 033 044 ~ 2 <9 3 34 014 023 024 033 044 + 2 <9 3 34 013 0^4 033 044 - 

03044 014 022 024 £33 044+03044 012 024 033 044+2 <9 3 34 U 0^ 24 3 4 044~2 3 034 i3 23 0^ 34 044+ 

03033 014 023 024 034 044 ~ 03033 013 0^4 034 044 + 2 <9 3 44 0i 3 22 024 033 034 044 + 

2 3 034 014 22 024 33 3 4 044~2 3 044 i2 23 024 033 034 044~2 3 034 i2 0^ 4 33 34 044 ~ 

03044 013 022 023 0f 4 044~2 3 034 M 22 023 034 044+03044 012 023 034 044+2 <9 3 24 014 0^ 034 044 ~ 

03033 014 022 024 034 044 + 2 <9 3 34 i2 23 024 034 044 - 2 <9 3 24 013 023 024 034 044 ~ 

2 03023 014 023 024 034 044+03033 012 024 034 044+2 <9 3 23 013 0^ 4 034 044 ~ 2 3 024 014 022 033 034 044 + 

2 03024 012 024 033 9u 044+03022 014 024 033 034 044+01023 024 033 0f 4 044-02013 924 033 034 044 ~ 

03012 0I4 033 0I4 044+2 <9 3 24 013 022 9u 044+2 <9 3 23 014 022 0f 4 044~2 3 024 012 023 0f 4 044 ~ 

•93022 014 023 0I4 044-2 <9 3 23 012 024 £34 044~ 03022 013 024 0f 4 044 ~2 <9i0 23 023 024 0f 4 044 + 

2 <9 2 013 023 024 0f 4 044 + 2 <9 3 0i 2 023 024 0f 4 044 + 03022 012 9u 044 + 01023 022 9u 044 ~ 

02013 022 0I4 044 - 03012 022 £34 044 ~ 03033 014 023 024 044 + 03033 013 023 024 044 ~ 

2 9 3 24 014 0I3 033 0I4 - 2 9 3 34 0i 3 022 024 033 0I4 + 2 <9 3 34 i2 23 024 033 044 + 

2 03024 013 023 024 033 044 + 2 3 023 014 023 024 033 044 - 2 <9 3 23 0l 3 0^ 33 gj 4 + 

2 03024 014 022 0I3 014-2 03024 #12 024 9^ 044~03022 014 024 0I3 944^923 924 033 044 + 

02013 024 033 044+03012 0^4 033 044+ 2 03034 013 022 023 034 044 +03033 014 022 023 034 0I4- 

2 03034 012 923 034 044 + "93033 013 022 024 034 044 ~ 2 (9 3 33 i2 023 024 034 £44 ~ 

2 03024 013 022 033 034 044 ~ 2 03023 014 022 033 034 044 + 2 03024 012 023 033 034 044 + 

^3022 014 023 033 034 044 + 2 03023 012 024 033 034 044 + 03022 013 024 033 034 044 + 

2 01023 023 024 033 034 9u ~ 2 02013 023 024 033 034 9u ~ 2 -93012 023 024 033 034 044 ~ 

2 03023 013 022 0l 4 0L+ 2 -93023 012 023 9u 044+03022 013 023 9%4 0^4+01023 923 034 044~ 

02013 0I3 034 044--93012 023 034 044 ~ 2 5 3022 012 033 9*34 044~ 2 01023 022 033 9u 044 + 

2 #2013 022 033 9 2 34 044+ 2 -93012 022 033 0f 4 0l 4 -03033 013 022 023 044+03033 012 023 044 + 

2 #3023 013 022 033 0l 4 ~ 2 -93023 012 023 033 044~03022 013 023 033 044~01023 g\^ £33 g\ A + 

02013 923 033 044 + -93012 023 #33 9u + 03022 012 033 044 + 01023 022 033 044 ~ 

02013 022 0f 3 044-<9 3 012 022 0f 3 0l 4 )/( 4 044 (-0l 4 + 033 044) (0I4 033 - 2 023 024 034 + 

022 0l 4 + 023 044 - 022 033 044)) 

&124 = (04044 014 023 024 033 034 — 04044 013 024 033 034 ~ 2 04044 014 023 024 034 + 
2 <9 4 44 0i 3 023 9I4 9u+ d 4944 014 022 023 0f 4 ~ 04044 013 022 024 0f 4 +04044 014 023 024 033 044 ~ 
•94044 013 023 0f 4 033 044 ~ 2 <9 4 34 i4 23 0I4 033 044 + 2 <9 4 34 i3 0^ 4 33 44 - 

04044 014 022 024 033 044+04044 012 024 033 044+2 04034 014 023 024 034 044~ 2 04034 013 023 024 034 044+ 

04033 014 023 0I4 034 044 ~ 04033 013 9%4 034 044 + 2 04044 013 022 024 033 034 044 + 

2 04034 014 022 024 033 034 044~ 2 04044 012 023 024 033 034 044~ 2 04034 012 024 033 034 044~ 

04044 013 022 023 034 044~ 2 04034 014 022 023 034 044 +04044 012 023 034 044+2 4 2 4 014 023 034 044~ 

04033 014 022 024 034 044 + 2 04034 012 023 024 034 044 ~ 2 04024 013 023 024 034 044 ~ 

2 04023 014 023 024 9u 044+04033 012 0I4 034 044+2 <9 4 023 013 0^4 034 044 ~2 04024 014 022 033 9u 044 + 
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2 04024 012 024 033 qIa 044+04022 014 024 033 9^4 044+01024 924 033 0§ 4 044~02014 924 033 0§ 4 044 ~ 

•94012 924 033 0I4 044+2 <9 4 024 013 022 £34 044+2 <9 4 23 014 022 0^ 044~2 04024 012 023 0^ 044 ~ 

•94022 014 023 034 044 ~ 2 04023 012 024 034 044~ 04022 013 024 034 044 ~ 2 <9i0 2 4 023 024 034 044 + 

2 02014 023 024 9u 044 + 2 (9 4 0i2 023 024 ^34 044 + 04022 012 034 044 + 01024 022 034 044 ~ 

02014 022 034 044 ~ 04012 022 034 044 ~ -94033 014 £23 024 9l\ + "94033 013 023 024 044 ~ 

2 04024 M 0I3 033 g 2 44 ~ 2 4 034 013 022 024 033 044 + 2 <9 4 34 i2 023 024 033 044 + 

2 <9 4 24 013 023 024 033 0I4 + 2 <9 4 23 014 023 024 033 044 ~ 2 <9 4 23 013 0^4 033 0I4 + 

2 04024 014 022 0^3 044-2 <9 4 024 012 024 033 0l 4 ~04022 014 024 0^3 044~^1024 0^4 033 044 + 

02014 0I4 033 044+^4012 924 033 044+ 2 04034 013 022 023 034 044+<9 4 033 014 022 023 034 9u~ 

2 <9 4 3 4 012 923 034 044 + "94033 013 022 024 034 044 ~ 2 «9 4 33 012 023 024 034 9u ~ 

2 04024 013 022 033 034 0I4 ~ 2 (9 4 023 014 022 033 034 044 + 2 (9 4 024 012 023 033 034 0I4 + 

^4022 014 023 033 034 044 + 2 <9 4 023 012 024 033 034 £44 + 04022 013 024 033 034 044 + 

2 01024 023 024 033 034 044 ~ 2 02014 023 024 033 034 044 ~ 2 04012 023 024 033 034 044 ~ 

2 04023 013 022 0^4 044+2 <9 4 2 3 012 023 034 044+^4022 013 023 034 044+^1024 023 034 044~ 

•92014 023 034 0f4-<94012 023 034 044 ~ 2 04022 012 033 034 044 ~ 2 010 24 022 033 034 044 + 

2 02014 022 033 0f 4 0L+2 04012 022 033 9u 0l 4 -04033 013 022 023 044+04033 012 023 044 + 

2 04023 013 022 033 044~ 2 04023 012 023 033 044~04022 013 023 033 044~01024 0I3 033 044+ 

•92014 0I3 033 044 + <9 4 012 0I3 033 044 + -94022 012 9^ 044 + 01024 022 9^ 044 ~ 

02014 022 0f 3 044-^4012 022 0f 3 044)/ ( 4 044 (~0i 4 + 033 044) (024 033"2 023 024 034 + 

022 034 + 023 044 ~ 022 033 044)) 

&131 = (01044 014 033 034-<9l044 013 034 ~ 2 01034 014 033 044+2 <9i0 34 013 034 044+ 
9l 033 014 034 044 - 03011 0^ 44 - 01033 i3 gj 4 + <9 3 0n 033 0| 4 )/(4 5(44 (-5(| 4 + 
033 044)) 

^132 = (02044 014 033 034-02044 013 ^§4— 2 02034 014 033 044+2 <9 2 34 013 034 044+ 
02033 014 034 044 + 01023 034 044 ~ 02013 034 044 ~ 03012 034 044 ~ 02033 013 044 ~ 
01023 033 044 + 02013 033 044 + 03012 033 0I4)/ (4 044 (-034 + 033 044)) 

bl33 = (03044 014 033 034-03044 013 034 ~2 3 034 014 033 044+2 <9 3 34 013 034 044+ 
03033 014 034 044 + 01033 0f 4 044 - 2 <9 3 0i 3 0§ 4 44 - 03033 013 044 - 01033 033 044 + 
2 03013 033 0I4)/ ( 4 044 (~9u + 033 044)) 

&134 = (04044 014 033 034-04044 013 034~ 2 4 034 014 033 044+2 <9 4 34 0i 3 34 44 + 
04033 014 034 044 + 01034 034 044 ~ 03014 034 044 ~ 04013 034 044 ~ 04033 013 044 ~ 
01034 033 044 + 03014 033 044 + 04013 033 0I4)/ ( 4 044 (~9u + 033 044)) 

&141 = (-(01044 014) + 04011 044)/ (4 044) 

bl42 = (-(02044 014) - 01024 044 + 02014 044 + 04012 044)/ (4 044) 

6143 = (-(03044 014) - 01034 044 + 03014 044 + 04013 044)/ (4 44 ) 

6144 = (-(04044 014) - 01044 044 + 2 4 014 9u)/(^ 944) 

&231 = (-(01044 024 033 034)+01044 023 034+ 2 01034 024 033 044~2 01034 023 034 044~ 
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<9i033 924 034 944 + dig 2 3 9I4 944 - #2013 034 + <9 3 0i 2 9I4 944 + dig 33 023 0I4 - 

<9l023 033 044 + <9 2 013 033 044 ~ ^3012 033 0f 4 )/( 4 044 (^34 - 033 044)) 

^232 = (-(^2044 024 033 034)+<9 2 4 4 023 0l 4 + 2 <9 2 34 024 033 044~2 <9 2 34 023 034 044~ 
^2033 024 034 044 + <9 3 22 034 044 + <9 2 33 023 0l 4 -^3022 033 0l 4 )/( 4 044 (034-033 044)) 

^233 = (-(<9 3 044 024 033 034)+<9 3 4 4 023 034+ 2 ^3034 024 033 044~2 <9 3 34 23 34 44 - 
•93033 024 034 044 ~ <9 2 33 034 044 + 2 <9 3 23 0g 4 44 + <9 3 33 23 44 + <9 2 33 33 0| 4 - 
2 <9 3 23 33 9I4M ( 4 044 (0 34 - 033 044)) 

^234 = (~(9 4 44 24 033 034)+^ 4 044 023 034 + 2 <9 4 034 024 033 044~2 <9 4 3 4 23 34 44 - 
•94033 024 034 044 ~ <9 2 34 0| 4 44 + <9 3 24 0| 4 44 + <9 4 23 34 044 + <9 4 33 23 gj 4 + 
<9 2 3 4 033 044 ~ -93024 033 044 ~ ^4023 033 044) /( 4 044 (^34 ~ 033 044)) 

&241 = (-(<9l0 44 024) + <9i0 24 044 ~ <9 2 0i 4 44 + <9 4 01 2 44 )/ (4 #44) 

b 2 42 = (-(<9 2 044 024) + 9 4 22 044)/(4044) 

6243 = (~(5 3 44 24 ) - <9 2 34 044 + "93024 044 + <9 4 023 044)/ (4 044) 

6244 = (-(<9 4 044 024) - "92044 044 + 2 <9 4 24 44 )/(4 #44) 

^341 = (-(<9l0 44 034) + <9l034 44 - <9 3 M 44 + <9 4 0i 3 44 )/ (4 5(44) 

6342 = (-(<9 2 044 034) + <9 2 34 044 - <9 3 24 044 + <9 4 23 044)/ (4 044) 

6343 = (-(<9 3 44 034) + <9 4 033 044)/(4044) 

6344 = (-(<9 4 044 034) - <9 3 44 044 + 2 <9 4 34 044)/(4 044)- 

Here are the formulas for 6 Q/ 3^ in the temporal gauge (gu = 1, g± 2 = 0i 3 = 

014 = 0) 

6121 = 

6122 = -<9l0 22 /4 

6123 = -<9i0 23 /4 

6124 = -<9i0 24 /4 

6131 = 

6132 = -<9l023 /4 

6133 = -<9l033 /4 

6134 = -<9i0 34 /4 
bui = 

bl42 = -<9l024 /4 

6143 = -«9l034/4 

6144 = -<9i0 44 /4 
&231 = -(^1044 024 033 034- 

^1033 024 034 044-<9l0 23 0§ 4 044 
^232 — —(^2044 024 033 034" 
^2033 024 034 044 — <9 3 22 3 4 044 



-^1044 023 0|4-2 #1034 024 033 044+2 <9i0 34 23 3 4 044 + 
-5l0 33 23 0f 4 + '9l023 033 0I4)/ ( 4 044 (0l 4 -033 044)) 
-^2044 023 014-2 <9 2 34 024 033 044+2 <9 2 34 023 034 044 + 
-#2033 023 0f 4 + <93022 33 gj 4 ) / (4 #44 (0 34 ~0 33 044)) 
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b 233 = -((<9 3 #44 924 933 Q^-d^AA 923 5 r 34 _2 ^934 924 933 944+2 <9 3 ^ 34 g 23 #34 #44 + 

dagaa 924 934 g44 + d 2 g 33 gl A 944 - 2 <9 3 #23 g\ 4 g44 - d 3 g 33 g 23 gh ~ d 2 g 33 933 9u + 
2 d 3 g 23 g 33 gj 4 )/ (4 g\ 4 g 44 - 4 g 33 gj 4 ) ) 

^234 = -((d 4 gu g 24 g 33 g 34 -d 4 g 44 g 23 g\ 4 -2 d 4 g u g 24 g 33 g 44 +2 d 4 g 34 g 23 g 34 g 44 + 
d4g33 g24 g34 g44 + d 2 g u g\ 4 g 44 - d 3 g 24 g\ 4 g 44 - d 4 g 23 g\ 4 g 44 - d 4 g 33 g 23 g\ 4 - 

d 2 g 3 4 g33 g 2 44 + #33 g\\ + #33 gldl ( 4 9I4 #44 - 4 5-33 gid) 
b 2 4i = {-{d 1 g 44 g 2 i) + d x g 24 g 44 )j(Ag 44 ) 
b 2 42 = {-{d 2 g 44 g 24 ) + d 4 g 22 g 44 )/(Ag 44 ) 

b 2 43 = {-{d 3 g 44 g 24 ) - d 2 g 34 g 44 + ^3^24 #44 + d 4 g 23 # 44 V ( 4 #44) 
6 2 44 = (-(d 4 g 44 g 24 ) - d 2 g 44 g 44 + 2 <9 4 g 2 4 #44)/(4#44) 
&341 = -(d^ugu - dig 34 g 44 )/{4:g 44 ) 

b 3 42 = ~{d 2 g 44 g 34 - d 2 g 34 g 44 + ^3^24 #44 - ^4^23 9aa)/ (4 #44) 

6343 = ~(d 3 g 44 g 34 - d 4 g 33 g 44 ) / (A g 44 ) 

6344 = -(04044 #34 + d 3 g 44 g 44 - 2 d 4 g 34 g 44 ) /(4 5-44) . 

Here are the formulas for b a p^ in case of the diagonal metric tensor g^ u = 
diag(<7n, g 22 , #33, #44 )• These formulas are also valid for the space dimensions 
n = 2, 3 (see section 8) 

Kpn = -^d[ a gp}^- 
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